In this paper, the definition of Hom-Lie groups is given and one conntected component of Lie group GL(V ), which is not a subgroup of GL(V ), is a Hom-Lie group. More, we proved that there is a one-to-one relationship between Hom-Lie groups and Hom-Lie algebras (gl(V ), [·, ·] β , Ad β ). Next, we also proved that if there is a Hom-Lie group homomorphism, then, there is a morphism between their Hom-Lie algebras. Last, as an application, we use these results on Toda lattice equation.
Introduction
The notion of Hom-Lie algebras was introduced by Hartwig, Larsson, and Silvestrov in [1] as part of a study of deformations of the Witt and the Virasoro algebras. Some q-deformations of the Witt and the Virasoro algebras have the structure of a Hom-Lie algebra [1, 2] . Because of close relation to discrete and deformed vector fields and differential calculus [1, 3, 4] , more people pay special attention to this algebraic structure [5, 6, 7, 8, 11] . Its geometric generalization is given in [9] and [10] .
In [7] ,the authors give a Hom-Lie algebra (gl(V ), [·, ·] β , Ad β ). This Hom-Lie algebra play an important role of studying structures of Hom-Lie algebras. Base on Hom-Lie algebra (gl(V ), [·, ·] β , Ad β ), there are many results are given: Omni-Hom-Lie algebra is given in [7] ; Hom-big brackets are given in [8] ; a Hom-Lie algebroid structure on ϕ ! T M is given in [9] , and have the following results: there is a purely Hom-Poisson algebra structure on C ∞ (M ); a Hom-Lie algebra structure on the set of (σ, σ)− derivations of an associative algebra is givn in [11] , and so on.
As we know, from a Lie group, we get a Lie algebra; on the other hands, from a Lie algebra, we can have a Lie group. Hence, are there Hom-Lie groups, have similar results like Lie groups? In this paper, first, we study some properties of Hom-Lie algebra (gl(V ), [·, ·] β , Ad β ), then, give the definition of Hom-Lie groups, similar to Hom-Lie algebras, a Hom-Lie group twisted by a diffeomorphism is a Lie group. Next, on matrix space, we give some examples of Hom-Lie groups, and proved that one connected component of GL(V ), which is not a subgroup, is a Hom-Lie group. More, we proved that there is a one-to-one relationship a Hom-Lie group and a Hom-Lie algebra (gl(V ), [ 
Preliminaries
The notion of a Hom-Lie algebra was introduced in [1] , see also [6] for more information. 
A Hom-Lie algebra is called a regular Hom-Lie algebra if α is a linear automorphism. When
The set of k-cochains on Hom-Lie algebra (g, [·, ·], α) with values in V , which we denote by
, is the set of skewsymmetric k-linear maps from g × · · · × g(k-times) to V :
Associated to the trivial representation, the set of k-cochains is ∧ k g * . The corresponding coboundary operator d : ∧ k g * −→ ∧ k+1 g * is given by (see [7, 12] )
Theorem 2.2. [7] Let V be a vector space, and
where
is a regular Hom-Lie algebra.
Properties of Hom-Lie algebra
In this paper, we just study β • β = id, i.e. β −1 = β.
Then, we have two chomology complexes:
And β also induce map
The proof of the rest of the conclusions is similar.
Remark 3.4.
In fact, we also have:
Denote the set of closed k-cochains of complex (
Similarly, denote the set of closed k-cochains of complex ( Example 4.2. Matrix Lie group GL(n; R), let S 1 = {A ∈ GL(n; R)||A| < 0}, S 2 = {A ∈ GL(n; R)||A| > 0}. S 1 and S 2 are connected components of GL(n; R), S 2 is a subgroup of GL(n; R) and S 1 is not a subgroup of GL(n; R). We define the map F : GL(n; R) −→ GL(n; R) by F (A) = AP i,j , where P i,j is given by exchanging line i and line j of id, P 
Theorem 3.5. With the above notations, we have:
H k (HL; R) = H k (L; R). Proof. For ξ 1 ∈ Z k (HL; R), by 0 = β r • dξ 1 =dβ l (ξ 1 ), we have: β l (ξ 1 ) ∈ Z k (L; R). For ξ 2 ∈ Z k (L; R), by β r •dβ l (ξ 2 ) =dξ 2 = 0, we have: β l (ξ 2 ) ∈ Z k (HL; R). So, we have: Z k (HL; R) = Z k (L; R). For η 1 ∈ B k (HL; R), there is a η 2 ∈ ∧ k−1 gl(V ) * , and such that dη 2 = η 1 . Bydβ l (η 2 ) = β r • dη 2 = β r (η 1 ), we have: β r (η 1 ) ∈ B k (L; R). On the other hand, for η ∈ B k (L; R), there is a η 3 ∈ ∧ k−1 gl(V ) * , and such thatdη 3 = η. By dβ r (η 3 ) = β ld η 3 = β l (η), then, β l (η) ∈ B k (HL; R). So, we have: B k (HL; R) = B k (L; R).
Hom-Lie groups
2 i,j = id. F is a diffeomorphism and F 2 = id. So (S 1 , F ) is a Hom-Lie group. ∀A ∈ S 1 , P ij A −1 P ij is the Hom-inverse of A. Example 4.3. Matrix Lie group O(n), let S 3 = {A ∈ O(n)||A| = −1}, S 4 = {A ∈ O(n)||A| = 1}. S 3 and S 4 are connected components of O(n), S 4 is a subgroup of O(n) and S 3 is not a subgroup of O(n). We define the map F : O(n) −→ O(n) by F (A) = AP i,
Definition 4.4. A function p : R −→ (S, F ) is called a one-parameter subgroup of Hom-Lie group
(S, F ) if 1. p is continuous, 2. F (p(0)) = id,
F (p(t + s)) = F (p(t))F (p(s)).

GL(V ) is a matrix Lie group, (gl(V ), [·, ·]) its Lie algebra, there is a map exp : gl(V ) −→ GL(V ), for any X ∈ gl(V ), exp(X) = e
X . More about the map exp, please see [13] .
When β = id, if X 0 ∈ gl(V ) and such that e βX0 β = id, we have e βX0 = β, and e 2βX0 = β 2 = id, then X 0 = 0, we have β = id, but β = id. So, M β is not a subgroup of GL(V ).
By
We define the map R β :
is a Hom-Lie group, and Hom-inverse of e βX β is e −βX β.
Actually, we proved the following results. 
Define a skew-symmetric bilinear operation
[·, ·] ϕ * : ∧ 2 Γ(ϕ ! T M ) −→ Γ(ϕ ! T M ) by [X, Y ] ϕ * = ϕ * • X • (ϕ * ) −1 • Y • (ϕ * ) −1 − ϕ * • Y • (ϕ * ) −1 • X • (ϕ * ) −1 . Then, (ϕ ! T M, [·, ·] ϕ * , Ad ϕ * , id
) is a Hom-Lie algebroid and is called tangent Hom-Lie algebroid ([9]) .
In this example, now, we suppose ϕ 2 = id and ϕ = id, at a point m ∈ M , x is a vector field on M , if θ t (m) is a one parameter Lie subgroup with respect to x m , i.e. for any
Hence, X m with respect to one parameter Hom-Lie subgroup is ϕ • θ t (ϕ(m)).
On the other hands, 
So, we got the same result through different paths.
Actually, we can get the following results:
Proof. Let θ t (m) is a one parameter Lie subgroup with respect to
But, by Example 4. 
, so g is a Hom-Lie group homomorphism.
for all X ∈ gl(V ). The map φ has following additional properties:
Proof. Since Φ is a Lie group homomorphism, then R β • Φ(e γX γ) = Φ • R γ (e γX γ), we have Φ(γ) = β. And Φ is a continuous group homomorphism, for each X ∈ gl(V ), so Φ(e tγX ) will be a one-parameter subgroup of Lie group GL(V ). Thus, there is a unique Z ∈ gl(V ) such that
We define φ(X) = Z and check in several steps that φ has the required properties.
Step 1, Φ(e γX ) = e βφ(X) . This follows from (4) and our definition of φ, by putting t = 1.
Step 2, φ(sX) = sφ(X), for all s ∈ R. This is obviously. Step 3 Differentiating this result at t = 0 gives the desired result.
Step
And e γAdγ (X) γ = e Xγ γ = γe γX , then
By (5) and (6), we have:
Hence, φ(Ad γ (X)) = βφ(X)β = Ad β • φ(X).
Step 
Step 6, βφ(X) = d dt Φ(e γX )| t=0 . This follows our definition of φ.
Applications
Consider the following equation
where L is an n × n symmetric real tridiagonal matrix, and B is the skew symmetric matrix
where L >0(<0) denotes the strictly upper (lower) triangular part of L. Based on Lie algebras, Kodama,Y. and Ye, J.( [15, 16] ) study equation (7), and give an explicit formula for the solution to the initial value problem. Now we consider the following system:
where β 2 = id, then, from results of Section 4, we know that equation (8) is also integrable.
